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Abstract 

In M(atrix) theory, there exist membranes and longitudinal 5-branes (L5-branes) as extended 
objects. Transverse components of these brane solutions are known to be described by fuzzy 
CP^ {k = 1,2), where k = 1 and k = 2 correspond to spherical membranes and L5-branes of 
cp2 X world-volume geometry, respectively. In addition to these solutions, we here show 
the existence of L7-branes of CP^ x geometry, introducing extra potentials to the M(atrix) 
theory Lagrangian. As in the cases of fc = 1, 2, the L7-branes (corresponding to fc = 3) also 
break the supersymmetries of M(atrix) theory. The extra potentials are introduced such 
that the energy of a static L7-brane solution becomes hnite in the large N limit where N 
represents the matrix dimension of fuzzy CP^. As a consequence, fluctuations from the L7- 
branes are suppressed, which effectively describes compactification of M(atrix) theory down 
to 7 dimensions. We show that one of the extra potentials can be considered as a matrix¬ 
valued 7-form. The presence of the 7-form in turn supports a possibility of Freund-Rubin 
type compactification. This suggests that our modihcation of M(atrix) theory can also lead 
to a physically interesting matrix model in four dimensions. In hope of such a possibility, we 
further consider compactihcation of M(atrix) theory down to fuzzy which can be dehned 
in terms of fuzzy CP^. Along the way, we also hnd a new L5-brane solution to M(atrix) 
theory which has purely spherical geometry in the transverse directions. 
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1 Introduction 


There has been extensive interest in the matrix model of M-theory or the so-called M(atrix) 
theory since its proposal by Banks, Fischler, Shenker and Susskind (BFSS) [1]. For a review of 
M(atrix) theory, one may refer to [2], In M(atrix) theory, 9 dimensions out of 11 are described 
by [N X iV)-matrices, while the other dimensions correspond to light-front coordinates. This 
structure arises as a natural extension of matrix regularization of bosonic membranes in 
light-front gauge. The ordinary time component and the extra spatial direction, the so- 
called longitudinal one, emerge from the light-front coordinates in M(atrix) theory. The 
longitudinal coordinate is considered to be toroidally compactified with a radius R. In this 
way, the theory can be understood in 10 dimensions. This is in accordance with one of the 
features of M-theory, i. e., as a strongly coupled limit of type IIA string theory, since the radius 
R can be related to the string coupling constant g hj R = gls where Is is the string length 
scale. From a 11-dimensional viewpoint, one can consider certain objects which contain a 
longitudinal momentum N/R as a Kaluza-Klein mode. Partly from these observations it 
has been conjectured that the large N limit of M(atrix) theory should describe M-theory in 
the large longitudinal momentum limit or in the so-called inhnite momentum frame (IMF). 
This BFSS conjecture has been conhrmed in various calculations, especially in regard to 
perturbative calculations of graviton interactions (see, e.g., [3, 4]), capturing another feature 
of M-theory, he., emergence of 11-dimensional supergravity in the low energy limit. There 
also exits a related matrix model by Ishibashi, Kawai, Kitazawa and Tsuchiya (IKKT) [5] 
which corresponds to type IIB string theory. This IKKT model has been investigated with 
a lot of attention as well. For a review of this model, one may refer to [6]. 

Besides gravitons, M(atrix) theory further contains extended and charged objects, namely, 
memberanes and 5-branes. The membrane in matrix context appeared originally in the quan¬ 
tization of the supermembrane many years ago by de Wit, Hoppe and Nicolai [7]. Membranes 
of spherical geometry in M(atrix) theory have been obtained in [8, 9]. As regards 5-branes, 
they were obtained as longitudinal 5-branes or L5-branes [10, 11, 12]. The L5-branes are 
named after the property that one of their hve dimensions coincides with the longitudinal di¬ 
rection in M(atrix) theory. One may think of the existence of transverse 5-branes as opposed 
to L5-branes but it turns out that there are no classically conserved charges corresponding 
to the transverse 5-branes. Thus it is generally believed that the L5-branes are the only rel¬ 
evant 5-branes in M(atrix) theory at least in the classical level [13]. In a modihed M(atrix) 
theory, he., the so-called plane wave matrix theory [14], the existence of transverse 5-branes 
is discussed at a quantum level [13]. L5-branes with spherical geometry in the transverse 
directions have been proposed in [15]. Although this spherical L5-brane captures many prop¬ 
erties of M-theory, it is as yet unclear how to include matrix fluctuations contrary to the 
case of spherical membranes. The only other L5-brane that is known so far is an L5-brane 
with CP^ geometry in the transverse directions [16]. Matrix conhguration of this L5-brane 
is relevant to that of the fuzzy CP^ [17]. 

Fuzzy spaces are one of the realizations of noncommutative geometry [18] in terms of 
{N X A^)-matrices, hence, those extended objects in M(atrix) theory are possibly described 
by the fuzzy spaces as far as the transverse directions are concerned. Following this idea, in 
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the present paper we shall consider the fuzzy complex projective spaces CP^ (A; = 1, 2, • • •) 
as ansatze to the extended objects or the brane solutions in M(atrix) theory. This approach 
towards a solution to M(atrix) theory was originally pursued by Nair and Randjbar-Daemi 
in [16] which, among the other known brane solutions, revealed the existence of the L5-brane 
of CP^ X geometry. The fuzzy CP^ = SU{k + 1)/U{k) can generally be constructed in 
terms of matrix representations of the algebra of SU{k + 1) in the (n, 0)-representation (or 
the totally symmetric representation of rank n) under a certain set of algebraic constraints 
[19]. This fact makes it relatively straightforward to include transverse fluctuations of branes 
with CP^ (or CP^) geometry in comparison with the case of the spherical L5-brane. This 
point is one of the advantages to consider the fuzzy CP^ as ansatze for the brane solutions. 
Note that fluctuations of branes are described by gauge fields on noncommutative geometry. 
This means that the dynamics of the extended objects in M(atrix) theory can be governed 
by gauge theories on fuzzy spaces. (For a general review of noncommutative held theory, 
see, for instance, [20]. For a recent review of fuzzy spaces in relation to the M(atrix) theory 
as well as to the quantum Hall effect, see [21].) 

From a perspective of type IIA string theory, the gravitons, membranes and L5-branes 
of M-theory are respectively relevant to DO, D2 and D4 brane solutions. Type IIA string 
theory also contains a D6 brane. The D6 brane is known to be a Kaluza-Klein magnetic 
monopole of 11-dimensional supergravity compactihed on a circle and is considered to be 
irrelevant as a brane solution in M(atrix) theory. Naively, however, since D6 branes are 
Hodge dual to DO branes in the same sense that D2 and D4 branes are dual to each other, 
we would expect the existence of L7-branes in M(atrix) theory. It is important to note that 
fuzzy spaces can be constructed only for compact spaces. If we parametrize branes by fuzzy 
spaces, the transverse directions are also all compactihed in the large N limit. As far as the 
capture of a Kaluza-Klein mode in the scale of N/R is concerned, one cannot distinguish 
the longitudinal direction from the transverse ones. The gravitons or the corresponding DO 
branes of M-theory would possibly live on the transverse directions in this case. Thus we 
may expect the existence of L7-branes as a Hodge dual description of such gravitons in an M- 
theory perspective. Construction of L7-branes (or transverse D6-branes) has been suggested 
in [12, 22], however, such extended objects have not been obtained in the matrix model. 
Besides the fact that no L7-brane charges appear in the supersymmetry algebra of M(atrix) 
theory, there is a crucial obstruction to the construction of L7-brane, that is, as shown by 
Banks, Seiberg and Shenker [12], the L7-brane states have an inhnite energy in the large 
N limit, where the energy of the state is interpreted as an energy density in the transverse 
directions. Indeed, as we shall discuss in the next section, an L7-brane of CP^ x geometry 
leads to an inhnite energy in the large N limit and, hence, one cannot make sense of the 
theory with such an L7-brane. 

In order to obtain an L7-brane as a solution to M(atrix) theory, it would be necessary to 
introduce extra potentials or huxes to the M(atrix) theory Lagrangian such that the brane 
system has a hnite energy as N ^ oo. Since M(atrix) theory is dehned on a hat space 
background, such an additional term suggests the description of the theory in a nontrivial 
background. The most notable modihcation of the M(atrix) theory Lagrangian would be 
the one given by Berenstein, Maldacena and Nastase (BMN) to describe the theory in the 
maximally supersymmetric parallel-plane (pp) wave background [14]. There has been a 
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number of papers on this BMN matrix model of M-theory. (For some earlier papers, see [23].) 
Another important approach to the modihcation of BFSS M(atrix) theory is to introduce a 
Ramond-Ramond (RR) held strength as a background such that it couples to brane solutions. 
Specihcally, one may have a RR 4-form as an extra potential from a IIA string theory 
viewpoint. As shown by Myers [24], the matrix equation of motion with this RR hux allows 
fuzzy (= CP^) as a static solution, meaning that the corresponding IIA theory has a 
spherical D2-brane solution. The RR held strength is associated with a charge of this D2 
brane. The modihed equation of motion also allows a diagonal matrix conhguration as a 
solution which corresponds to N DO-branes, with N being the dimension of matrices. One 
may interpret these solutions as bound states of a spherical D2-brane and N DO-branes. 
From a DO-brane perspective, the RR held strength is also associated with a DO-brane 
charge. Thus the extra RR hux gives rise to a D-brane analog of a dielectic ehect, which 
is known as Myers ehect. A diherent type of hux, i.e., a RR 5-form which produces bound 
states of N Dl-branes and a D5-brane with CP^ geometry has been proposed by Alexanian, 
Balachandran and Silva [25] to describe a generalized version of Myers ehect from a viewpoint 
of IIB string theory. From a perspective of M(atrix) theory, the D5 brane corresponds to the 
L5-brane of CP^ x geometry. In this paper, we consider further generalization along these 
lines of developments. Namely, we consider a general form for all possible extra potentials 
that allows fuzzy CP^ as brane solutions or solutions of modihed matrix equations of motion. 
We hud several such potentials for k < 3. 

The extra potentials we shall introduce in the consideration of a possible L7 brane solution 
to M(atrix) theory are relevant to huxes on a curved space of (CP^ x x A44 where A44 
is an arbitrary four-dimensional manifold. We shall show that one of the potentials can 
be interpreted as a 7-form hux in M(atrix) theory. According to Freund and Rubin [26], 
existence of a 7-form in 11 dimensional (bosonic) theories implies compactihcation of 7 or 
4 space-like dimensions. The existence of the 7-form in M(atrix) theory is interesting in a 
sense that it would lead to a matrix version of Freund-Rubin type compactihcation. This 
means that the introduction of the 7-form can also lead to a physically interesting matrix 
model in four dimensions. In hope of such a possibility, we also consider compactihcation of 
M(atrix) theory down to fuzzy S* which can be dehned in terms of fuzzy CP^ [27]. 

The plan of the rest of this paper is as follows. In the next section, following Nair and 
Randjbar-Daemi [16], we show that the fuzzy CP^ {k < 4) provide solutions to bosonic 
matrix conhgurations in the M(atrix) theory Lagrangian. Along the way we briehy present 
dehnitions and properties of fuzzy CP^. We further discuss the energy scales of the solutions 
and see that the energy becomes hnite in the large N limit only in the cases of k = 1,2, 
corresponding to the membrane and the L5-brane solutions in M(atrix) theory. In section 
3, we examine supersymmetry of the brane solutions for k <3. We make a group theoretic 
analysis to show that those brane solutions break the supersymetries in M(atrix) theory. 
Our discussion is closely related to the previous analysis [16] in the case oi k = 2. In 
section 4, we introduce extra potentials to the M(atrix) theory Lagrangian which are suitable 
for the fuzzy CP^ brane solutions. We consider the effects of two particular potentials 
to the theory. These effects can be considered as generalized Myers effects. We hnd a 
suitable form of potentials for the emergence of static L7-brane solutions, such that the 
potentials lead to hnite L7-brane energies in the large N limit. Section 5 is devoted to 
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the discussion on possible compactification models in non-supersymmetric M(atrix) theory. 
We show that one of the extra potentials introduced for the presence of L7-branes can be 
interpreted as a matrix-valued or fuzzy 7-form in M(atrix) theory. Using the idea of Freund- 
Rubin type compactihcation, this suggests the compactihcation down to 7 or 4 dimensions. 
The compactihcation model down to 4 dimension is physically the more interesting and we 
consider, as a speculative model of it, a compactihed matrix model on fuzzy Lastly, we 
present brief conclusions. 
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Fuzzy CP^ as brane solutions to M(atrix) theory 


The M(atrix) theory Lagrangian can be expressed as 

c = tt + ^[Xj, Xjf + e^e + iRe^Tj[Xj, 0]) (i) 

where Xj (/ = 1, 2, • • •, 9) are hermitian N x N matrices, 6 denotes a 16-component spinor 
of SO{9) represented by iV x iV Grassmann-valued matrices, and T/ are the S'0(9) gamma 
matrices in the 16-dimensional representation. The Hamiltonian of the theory is given by 

77 = Tr {^PiPi - ^[Xi, Xj]^ - tRe^TiiXi, 7]) (2) 

where Pi is the canonical conjugate to Xj: As discussed in the introduction, we will 

be only interested in those energy states that have hnite energy in the limit of the large 
longitudinal momentum N/R. Since the Hamiltonian (2) leads to an inhnite energy state in 
the limit of R —)■ oo, we will consider the large N limit with a large, but hxed value for R. 
With this limit understood, the theory is dehned by (1) or (2) with a subsidiary Gauss law 
constraint 

[Xi,Xi]-[e,e^] = 9. (3) 

In this section, we shall consider the bosonic part of the theory, setting the ^’s to be zero. 
The relevant equations of motion for Xj are given by 

^Xi-R[Xj,[Xi,Xj]] = 9 (4) 

with a subsidiary constraint 

[Xi,Xi] = 9. (5) 


We shall look for solutions to these equations, taking the following ansatze 

y r{t)Qi for/ = 7 = l,2, •••,2A; 

\ 0 for/ = 2A;+l,---,9 ^ ^ 

where Qi denote the local coordinates of fuzzy CP^ = SU{k + 1)/U{k) (/c = 1, 2, • • •). Since 
Xi are dehned for I = 1, 2, • • •, 9, the ansatze are only valid for k < A. 
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2.1 Construction of fuzzy CP^; a review 


The fuzzy CP^ can be constructed in terms of certain matrix generators of SU{k + 1) as 
embedded in under a set of algebraic constraints. Here we shall briefly review such a 

construction, following a description in [27]. Let La be x iV*^^)-matrix representations 
of SU{k + 1) generators in the (n, 0)-representation (or the totally symmetric representation 
of rank n). The coordinates of fuzzy CP^ as embedded in are dehned by 



with two constraints 


( 7 ) 


QaQa = 1 (8) 

dABcQAQs = Ck^nQc ( 9 ) 

where 1 is the identity matrix, (Iabc is the totally symmetric symbol of SU{k + l), 

is the quadratic Casimir of SLf{k + 1) in the (n, 0)-representation 


^(fc) _ nk{n + k + l) 

' “ 2(A; + 1) 

and is the dimension of SU{k + 1) in the (n, 0)-representation 

/Vl‘>=dim(n,0) = l^t747- 

k\ n\ 

The coefficient Ck^n in (9) is given by 

_{k-l) ( n , 

JdL L+1 2J ■ 

For k we have 

Ck,n ^ Ck = - 1 ) 

and this leads to the constraints for the coordinates qa of commutative CP^ 


( 10 ) 


( 11 ) 


( 12 ) 


(13) 


QaQa = 1, (14) 

dABCQAQB = CkQc ■ (15) 

The second constraint (15) restricts the number of coordinates to be 2k out of k"^ + 2k. 
For example, in the case of CP^ = SU{3)/U{2) this constraint around the pole of H = 8 
becomes dsBcQsQB = Normalizing the 8-coordinate to be qs = —2, we hnd that the 

indices of the coordinates are restricted to 4, 5, 6, and 7 with the conventional choice of 
the generators of SU{3). Similarly, under the constraints (9), the coordinates of fuzzy CP^ 
are effectively expressed by the local coordinates Qi {i = 1,2, ■■■, 2k) rather than the global 
ones Qa (^ = 1, 2, • • •, -|- 2k). 
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2.2 Local coordinates of fuzzy CP^ 

We now consider the commutation relations of the fuzzy CP^ coordinates Qi. By con¬ 
struction, they are embedded in the SU{k + 1) algebra. We hrst split the generators La of 
SLf{k + 1) into Li G SLf{k + 1) — U{k) and La G where G_ denotes the Lie algebra of 
group G. The indices i = 1, 2, • • •, 2/c are then relevant to the CP^ of our interest, while the 
indices a = 1, 2, • • •, correspond to a. Lf {k) subgroup of SLf {k + 1). The SLf{k+ 1) algebra, 
[La^Lb] = ifABcLc with the structure constant fABC, is then expressed by the following 
set of commutation relations 


[Qi, Qj] 

= 

(16) 

[Qa, Q(s] 

- * h£2_Q,, 

(17) 

[Qa; Qi] 

- 1 ^ZLq, 

(18) 


where we use Qa = La/^C^'^ and denote fija by Cija to indicate that it is relevant to the 
commutators of QiS. fap-y is essentially the structure constant of SU{k) since the U{1) part 
of the U{k) algebra can be chosen such that it commutes with the rest of the algebra. We 
can calculate CaijCyij as 


^aij ^/3ij faAB f(SAB fa’ysf/S'yS ^afS 

by use of the relations faABfjSAB = {k + l)Sai 3 and fa'ysf/ 3 'ys = kda/s- Notice that the result 
(19) restricts possible choices of the CP^ indices (i,j). For example, in the case of A; = 2 
we have {i,j) = (4,5), (6,7) with the conventional choice of the structure constant fABC of 
SU{3). Similarly, in the case of A; = 3 we have {i,j) = (9) 10); (H) 12), (13,14). Under such 
restrictions, we can also calculate Cijafjak as 




fjak 




^kjc 


= 6i 


ik 


( 20 ) 


In what follows, we shall use the symbol Cija rather than fija to indicate that we are interested 
in this peculiar subset of the SG{k -|- 1) algebra. 

We can also classify the totally symmetric symbol dABC as follows. 

{ dija 

dafS'y ( 21 ) 

0 otherwise 


Notice that symbols such as dajSi and dijk do vanish. In relation to the construction of CP^, 
it is useful to know the fact that the symbol dua, a subset of dija, is expressed as dua^^^^^ 
and is identical regardless the index i. Here the index i is relevant to a local coordinate of 
CP^ and the index Q:fc 2 + 2 fc is a hypercharge-like index in a conventional choice of SU{k + 1) 
generators. 
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The normalization of Qa’s is taken as (8). Thus traces of matrix products are expressed 


as 





Fv{QaQb) 


(22) 

Tr(g,g,) 

k^ + 2k 

(23) 

Tr(gog„) 

k‘^ + 2k 

(24) 


These relations are also useful in later calculations. 


2.3 Fuzzy 


solutions to M(atrix) theory 


Using (16)-(20), we can easily hnd that [Qj, [Qi,Qj]] 
CP^ ansatze (6), the equation of motion (4) becomes 


—Qi/C^\ Thus, with the fuzzy 


This means that the equation of motion is reduced to an ordinary differential equation of 
r{t). Notice that the subsidiary constraint (5) is also satished with the ansatze (6). The 
equation of motion therefore reduces to 




a 


(k) 


= 0 . 


(26) 


A general solution to this equation is written as 


r{t) 


Acn (^a{t - to)] k'^ = 


(27) 


where a = and cn{u] k) = cn{u) is one of the Jacobi elliptic functions, with k 

(0 < K < 1) being the elliptic modulus. A and to are the constants determined by the initial 
conditions. Using the following formula 

d 

—cniu] K) 
du 


we can express r as 

r = —Aa sn(Q;(t — to))dn(Q;(t — to)) • (29) 

In the limit of large N (or n), r is suppressed by r ~ 1/n^. Thus the solution (27) corresponds 
to a static solution in the large N limit. 


= — sn(M; K.) dn(M; k) 


= —u 


1 + Ak^ 


-u 


(28) 



Evaluated on the fuzzy CP^, the potential energy of M(atrix) theory is calculated as 
V{rQ) = 


From this result we can easily tell that for k = 1,2 we have hnite energy states in the large 
N limit. These states respectively correspond to the spherical membrane and the L5-brane 
of CP^ geometry in M(atrix) theory. By contrast, for k = 3,4 we have infinite energy 
states. Thus, although these may possibly correspond to L7 and L9 brane solutions, they 
are ill-dehned and we usually do not consider such solutions in M(atrix) theory. The main 
purpose of the present paper is to show that we can have L7 brane solutions by introducing 
extra potentials to the M(atrix) theory Lagrangian (1). Notice that in this paper we shall 
not consider the case of A; = 4 or a 9-brane solution to M(atrix) theory. The 9-branes are 
supposed to correspond to “ends of the world” which describe gauge dynamics of the 9- 
dimensional boundary of M-theory. Thus these are in general considered irrelevant as brane 
solutions to the theory. 


_Tr (^—[rQi^rQj] 
Rt^ 

-^^Tl^iQaQa) 

k'^ Rr^ 


k? + 2k 




n^-^Rr^ 


(30) 


3 Supersymmetry breaking 

In this section, we examine supersymmetry of the fuzzy CP^ brane solutions in M(atrix) 
theory for k < 3. As in the previous section, we make an analysis, following the argument 
of Nair and Randjbar-Daemi in [16]. 

We have set the fermionic matrix variables 6 to be zero. Now we consider the super- 
symmetry transformations of the brane solutions in M(atrix) theory. The supersymmetric 
variation of 6 is given by 

SOr = ^ (Xj(r,)rs + e, + <5^^* (31) 

where e and ^ are 16-component spinors of SO(9) represented by x matrices (r, s = 
1, 2, • • •, 16) and T/’s are the corresponding gamma matrices as before. T/j are dehned by 
T/j = |[r/,rj]. With the fuzzy CP^ ansatze (6), the equation (31) reduces to 

= ^ ( rQi(ji)rs + Qa{lij)rs | + ^rs^s (32) 

2 V 4c¥' / 

where yds are the gamma matrices of SO{2k) under the decomposition of SO{9) —)■ SO{2k) x 
SO{9 — 2k). Accordingly, we here set f = 1, 2, • • •, 2A; and r,s = 1, 2, • • •, 2^. For the static 
solution we make r ~ vanish. Indeed, if 66 ~ we have Tt{66^66) ArWn-4 
and, for k = 1,2 and 3, this term vanishes in the large N limit. The other term 
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Ti{iR5d'^Ti[Xi,5d]) in the Lagrangian vanishes similarly. Thus, for static solutions, the 
condition 56* = 0 is satished when Cij^Qalij becomes a c-number in the SO {2k) subspace of 
SO{9) such that the e-term can be canceled by ^ in (32). In what follows, we examine this 
Bogomol’nyi-Prasad-Sommerheld (BPS)-hke condition for /c = 1, 2, 3. 

It is known that the spherical membrane solution breaks all supersymmetries. Let us 
rephrase this fact by examining the BPS condition {66 = 0) for k = 1. The 2-dimensional 
gamma matrices are given by 71 = ai and 72 = ct 2 , where cij is the (2 x 2)-Pauh matrices. The 
factor CijaQalij becomes proportional to Qscra where Qs is an iV^) x matrix representing 
the U{1) part of the SU{2) generators in the spin-n/2 representation. Now the factor <73 
is not obviously proportional to identity in the S'0(2) subspace of S'0(9). Thus we can 
conclude that the BPS condition is broken. 


For k = 2, we can apply the same analysis to the factor of Cij^Qa'lij- We use the 
conventional choice for the structure constant of SU (3) where the group elements are dehned 
hj g = exp(i 6 *“^) with the Gell-Mann matrices A“ (a = 1,2, •••, 8 ). As discussed earlier, 
with this convention the set of {i,j) is restricted to {i,j) = (4,5) or (6,7). The relevant 
Cjjo’s are given by C453 = 1/2, C458 = \/3/2, C673 = —1/2 and Cq^s = \/3/2. Introducing the 
usual 4-dimensional gamma matrices 7 * {i = 4, 5, 6 , 7) 


74 = 


0 1 \ _ /^ 0 -^(^1 
1 0 j idi 0 


, 76 = 


0 -ia 2 \ _ 

^^2 0 j ’ - 


0 -ias \ 

0 J ’ 


we can calculate the factor of interest as 


C45oQ«745 ~ 


(^Qs + VSQsj 


iai 0 \ 

0 —iai J 


C67aQa767 ~ 




iai 0 \ 

0 iai J 


(33) 


(34) 


where Q 3 and Qg are x matrices representing diagonal parts of SU{3) algebra 
in the totally symmetric representation (n, 0). In either case, it is impossible to make the 
factor CijaQalij be proportional to identity or zero in terms of the (4 x 4)-matrix which 
corresponds to 7 /s. This indicates that the brane solution corresponding to A; = 2 breaks 
the supersymmetries of M(atrix) theory as originally analyzed in [16]. 


The same analysis is applicable to the case of /c = 3 and we can show that the brane 
solution corresponding to k = 3 also breaks the supersymmetries. For the completion of 
discussion, we present the factors CijaQalij for (/j) = (9,10), (11,12), (13,14) in suitable 
choices of Cija and 6 -dimensional gamma matrices: 


CqiOq Qa 7910 


Cii12q Qa 7ll 12 


Qs + 2,^/2Ql3 


(^~y/3Q3 + Qs + 2 \/ 2 Q 


15 ; 


/ ^1 

0 

0 

0 

\ 


0 

-ai 

0 

0 



0 

0 

0-1 

0 


V 

0 

0 

0 

-ai J 


/ CTi 

0 

0 

0 \ 



0 

CTl 

0 

0 


) 

0 

0 

0-1 

0 



1 0 

0 

0 

0-1 / 



(35) 
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Cl3 14o Qo 7l3 14 ~ (—2(^8 + 2\/2(5 i 5) ^ g 

where Qs, Qs and Qis are the x matrices representing diagonal parts of SU{A) 
algebra in the (n, 0)-representation. In the last line, 1 denotes the 4x4 identity matrix. 


4 L7-branes and extra potentials in M(atrix) theory 

As we have seen in (30), the potential energy of a prospective L7-brane with CP^ x 
geometry is proportional to n, leading to inhnite energy in the large N limit. In this section, 
we introduce extra potentials to the bosonic part of the M(atrix) theory Lagrangian so that 
the total potential energy of the L7-brane becomes hnite in the large N limit. From (29) 
we have found r ~ Thus the kinetic energy of brane states with CP^ x geometry is 
proportional to Since the kinetic energy is suppressed by we can consider the 

brane solution for any of /c = 1, 2, 3 as a static solution. Consideration of potential energies 
will suffice for the stability analysis of brane solutions. In what follows, we hrst present a 
general form of the extra potentials which is appropriate for our fuzzy CP^ brane solutions. 
We then consider a few cases in detail, eventually obtaining a suitable form of the extra 
potential for the emergence of L7-branes. 

4.1 Extra potentials: a general form 

We consider the following form of potentials. 

F2 s+i{X) = ■ ■ ■ Xi^Xj^Xa) (36) 

^ 72 ] ■ ■ ■ [^* 3 ) (37) 

where tA (^ = i, «) are the generators of SU{k + 1) in the fundamental representation with 
normalization tritAts ) — \5 ab- As discussed earlier, tfs (including f^-’s) correspond to the 
elements of SU{k + 1) — U{k) (i = 1 , 2 , • • •, 2k) and ta correspond to the elements of a U{k) 
subalgebra (a = 1, 2, • • •, /c^). In the above expressions, s takes the value of s = 1, 2, • • •, /c 
and Xj’s represent arbitrary matrix coordinates which are, eventually, to be evaluated by the 
fuzzy CP^ coordinates Xj = r(t)Qi. Notice that the number of X’s is odd. This corresponds 
to the fact that F^^ij^a are related to the rank-(2s + 1) invariant tensors of SU{k + 1). We 
shall consider this point further in the next section. In the following, we rather show the 
correctness of the general form F 2 S +1 in (36) for fuzzy CP^ brane solutions in M(atrix) 
theory. The M(atrix) theory Lagrangian with the extra potential F 2 S +1 is given by 

£(2.+1) = £ - A2.+if2.+i(X) (38) 

where C is the bosonic part of the original M(atrix) theory Lagrangian (1) and A 2 S +1 is a 
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coefficient of the potential -F 2 s+i- The matrix equations of motion are expressed as 


- RlXj, iXj, Xj]] + A2 .+i^F2,+i = 0 . (40) 

ji oA/ 

Thus, in order to show the correctness of the general form in (36), it is sufficient to see 
whether the term j^F 2 s+i is proportional to the Qi when X/ is evaluated by the ansatze 
(6). 


4-2 Modification with F^: Myers effect 


For s = 1, we have 


^[ij]a f^(^jj^o) 



(41) 


where we use the normalization tiitaty) = ^Sa/s- The potential F^i^X) is then written as 


F^{X) = |Q,„Tr(X,X,X„). (42) 

Since Cija ~ Cija, the addition of F^ to the M(atrix) theory Lagrangian essentially leads to 
the so-called Myers effect from a viewpoint of IIA string theory [24]. Now we can calculate 


5 


FsiX) 


X=rQ 



(43) 


where we use the relation (19). Thus we hnd that the fuzzy S'^ remains the solution of 
M(atrix) theory modihed with the extra potential F^. As we shall see in a moment, gener¬ 
alizations along these lines can be made for the potentials with higher ranks. 


4-3 Modification with F^ 
For s = 2, we have 




where we use the fact that ta^ and are commutative; these generators correspond to “di¬ 
agonal” elements of a (2) algebra in terms of its matrix representation. The symbol daiojo 
is called the totally symmetric symbol of SU{k + 1) and is dehned by dajS'^ = 2tr({fQ,, tj 3 }tf). 
The potential F^{X) is then written as 


fr( [^*1 ) \fi2 ) 


^ ^*27202 ^otia2Ct 


(44) 


F,{X) 


' ^ ^i2j20^2 ^ji^i2^j2^0t 


(45) 
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This is a natural generalization of the Myers term (42) to a higher rank. Notice that 
exists for any SU{k + 1) with k >2. The variation of with respect to is expressed as 


5 


^5(X) 


X=rQ 


_1 4 , , . . , 


Qji Qi2Qj2 Q 


i ‘^* 2 ^ 2/32 



Q/32 



(46) 


where we evaluate the variation with the fuzzy CP^ ansatze ( 6 ), using the relations (9), 
(16) and (19). The result (46) shows that the fuzzy CP^ {k = 2,3) remain the solutions of 
M(atrix) theory even if it is modihed with the extra potential F^{X). 

In this case, the matrix equations of motion (40) become 


f 

R 


R 


a 


(fc) 



^5r \ 


Qr 


0 . 


(47) 


This matrix equation is then reduced to an equation of r{t) as in the case of the pure bosonic 
M(atrix) theory. We can easily carry out the evaluation of F^ on the fuzzy CP^ ansatze as 


F,{rQ) = Q jiQi2Q j2Q c 


4 ^5 


G 


^k,n'4'^(Qo'Qa) 


1,2 ^5 




+ 2 k l 6 Cf ^ 




(48) 


where we use the relation (24). Notice that the n dependence of (48) is the same as that of 
the M(atrix) theory potential in (30). 


4-4 Modification with Fj 


Since s < k and we are interested in k = 1,2,3, the case of s = 3 is allowed only for 
k = 3. In this case, we have 


tr( [tjj , tj-^4 [ti2 , tj^l [tjg , tjgjfo,) 


(49) 


where, as in the case of F 5 , taS are corresponding to “diagonal” generators of 77(3). Thus 
they are commutative to each other. Anticommutation relations of these are given by 


{tajtfii} dafi'yt^ 


(50) 


13 



where the symmetric symbol dai 3 'y is that of SU{k + 1) but its indices refer only to a U{3) 
subgroup. Notice that a U{1) element is included in this subgroup; for 5'f/(4) (corresponding 
to A; = 3) the U{1) element is conventionally chosen by and this choice would be used for 
any SU{k + 1) {k > 3). Using (50), we then hnd 


F-riX) 


^ jiai ^i 2 j 20 t 2 ) 

^[ij ] ® a Tr ( Xi ^ Xj-^ Xi^ ^j 2 ^*3 ) 


(51) 

(52) 


The variation of F^ with respect to Xi^ is then expressed as 


5 


F,{X) 


X=rQ 


' Qljl«lCj2i2a2*^*3i3«3^0ia2/3^/3a3oQji Qi 2 Qj 2 QisQjs Qc 


1 ‘^*232^2 i‘2MM3n„ 

2 /— ~~^P 2 2 I — 


I 

I I V 


4 ^6 


2 / a 


(k) ^ct\ct2lidfia^aQj^Qa2Qot^Qa 


I 

I I V 


4 


2J C-f) 


Ci^jiaXk^nQjlQ 


ai 


6 2 c 2 


F¥' 


Qh 


(53) 


where we use the relation (9), he., dap'yQaQp = Ck,nQ'y, twice. Notice that the symmetric 
symbol dapi vanishes as discussed in (21). The result (53) shows that the fuzzy CP^ {k = 3) 
remains as a solution to M(atrix) theory even if it is modihed with the extra potential Fj{X). 
Lastly we can evaluate Fj on the fuzzy CP^ ansatze as 


Fj{rQ) 


X *^*2^202 ^isjaois dctict2l3dl3a3a Tr(g 

iiQ jiQ hQ j2Q iaQ jaQ c 


l\^ ^7 




' OisQ C 




Jed 




(54) 


4-.5 Emergence of L7-branes 


To recapitulate, we are allowed to include the extra potentials of the form F 2 s+i{X) 
(s < A;, A; = 1, 2, 3) in the M(atrix) theory Lagrangian as far as the brane solutions of CP^ 
geometry in the transverse directions are concerned. Evaluated on the fuzzy CP^ ansatze, 
these extra potentials are expressed as 


FsirQ) 


k^ 

k^ + 2k 





(55) 
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F^irQ) 

Fj{rQ) 

V{rQ) 




r^Ck,r 


/c 2 + 2 k 


J\fik) 


k-2 5 

~ n r 


F + 2 k 


r^r 2 

^k,n j^j(k) 


(fc)- 




32VC'2 


k‘^ + 2k 4 ( 7 ^^) 


~ n 


fc -2 




(56) 

(57) 

(58) 


where we include the M(atrix) theory potential in (30). As mentioned earlier, we consider a 
static solution. Thus the effective Lagrangian for the static solution is given by 


Ceff = -Vtotir) = -VirQ) - hF^irQ) - \,F,{rQ) - X-^FyirQ). 
From (55)-(58), we can express Vtotir) as 

k^ R 


Vtotr) = 


k^ + 2k ) 


ArWy(r) ~ n'^-^R 


where 


n(r) = — - psr^ + psr® + 


_ -^3 /^(k) _ -^5 _ -^7 ^k,n 

/^3-4^V 2 , P7- 


(59) 


(60) 

(61) 

(62) 


In the case oi k = 1, only F 3 exists and the potential n(r) becomes v^ir) = ^ — psr^. 
This potential is relevant to the Myers effect. In Myers’ analysis [24], the coefficient A 3 is 
determined such that it satisfies the equations of motion ^ = 0. Thus we 

have fis ~ 7’/3 ~ 1 (r > 0), or A 3 ~ R/n. Analogously, we may require A 5 ~ i?, A 7 ~ nR 
such that n(r) ~ 1. Notice that we demand /i 5 ,/i 7 > 0 so that the potential n(r) is bounded 
below; otherwise the solutions become unphysical in the limit of large r. We also demand 
/i 3 > 0 such that v{r) always has a minimum at r > 0 ; regarding the range of r, we require 
r > 0 because it describes a size of each brain solution. 

The total potential Idot(~ n^~‘^R) becomes hnite for /c = 1, 2 in the large n limit. In this 
limit, the brane solutions corresponding to /c = 1,2 therefore exist regardless the value of 
n(r). For k = 3, however, Vtotir) diverges in the large n limit unless n(r) = 0. 

To further investigate the case of /c = 3, we now consider the following potential Vjir) = 
X ~ A Myr'^, without a F 5 term. The equation of motion for r is given by 


dvj 

dr 


7fi7r^ 




0 . 


(63) 


2 

Denoting the nonzero solution by r*, we now plug this back to v^ir)] v^ir^,) = y (^ — 4 /i 3 ). 
If we £x p 3 as ^3 = vrir^) vanishes. In this case, Vtotir*) becomes finite in the large 
n limit and the corresponding L7-branes are allowed to present as a stable solution at the 
minimum r = r*. The L7-branes exist for a particular value of ^ 3 - In this sense, the strength 
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of the F 3 flux can be considered as a controlling parameter for the emergence of L7-branes. 
The same analysis applies to a potential without F 7 ; v^{r) = ^ + If consider 

the full potential v{r) with nonzero /i 2 s+i (>s = 1,2,3), the existence of L7-branes can be 
similarly shown at the minimum of n(r), with two of the three /i 2 s+i serving as the controlling 
parameters. 

There are few remarks on the existence of the L7-brane solutions. Firstly, if we introduce 
fluctuations from the minima, the potential v{r) becomes nonzero and consequently the 
total potential V7ot(r) diverges in the large n limit. In other words, fluctuations from the 
stabilized L7-branes are suppressed. Secondly, the involving extra potentials are expressed 
as F 2 s+i{rQ) rs-/ Trl where 1 is the x identity matrix. These can be regarded 
as constant matrix-valued potentials. This fact suggests that the analysis in the previous 
section also holds with ^2s+l ( rQ), preserving the L7-brane solutions non-supersymmetric. 
Lastly, in terms of M(atrix) theory as a 11-dimensional theory, the emergence of L7-branes 
and the suppression of their fluctuations suggest a compactification of the theory down to 7 
dimensions. We shall discuss this point further in the next section. 

5 Compactification scenarios in M(atrix) theory 

As mentioned in the introduction, the existence of a 7-form suggests a compactihcation of 
the 11-dimensional theory down to 7 or 4 dimensions. In this section, we first show that 
the extra potential Fi{X) in (49) can be considered as a 7-form in M(atrix) theory. We 
then discuss that the effective Lagrangian (59) with k = 3 can be used for a compactihcation 
model of M(atrix) theory down to 7 dimensions. We also consider a compactihcation scenario 
of M(atrix)theory down to 4 dimensions by use of fuzzy which can be dehned in terms of 
fuzzy CP^ [27]. 

5.1 F 2 S +1 as matrix differential forms: a cohomology analysis 

The general expression of F 2 s+i{X) in (36) is closely related to diherential (2s -|- l)-forms 
of SU{k -|- 1) (s = 1, 2, • • •, k). Diherential forms of SU{k + 1) are in general constructed by 
the Lie algebra valued one-form 

g~^dg = —itAEfdO’^ = —UaEa (64) 

where g = exp(—is an element of SU{k + l), ^“’s are continuous group parameters, tffs 
are generators of SU{k + l) in the fnndamental representation with normalization trltAts) = 
^5ab: and Ea = E‘f{9)d9^ are one-form frame helds on SU(k + l) (a, A = 1, 2, • • •, -|- 2k). 

The diherential (2s -|- l)-forms of SU{k + 1) are then dehned as 

^( 2 s+l) ^ 

= i-i)‘^"^hT{tAffA2 ■ ■ ■ tA2s+i)EAi AEa^ A-■■ A Ea2,+^ 

Fa\A2---A2s+i^A i A Ea2 a ■■■ a Ea2s^\ 1 (6^) 

(_7)2s+1 

F'a\A2 ---A2 s+i t^( [Aai ) AA 2 ] [^Aa) A 2 I 4 ] ■ ■ ■ [Ayl 2 s-i Aa 2 s]^A 2 s+i ) • ( 66 ) 
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Notice that the invariant tensor FaiA 2 -A 2 s+i is essentially the same as the tensor defined 
in (37). The only difference, apart from proportionality coefficients, is the index assignments. 
A peculiar form in FyijYa arises from the fact that we are interested in algebraic properties 
of CP^ = SU{k + 1)/U{k) rather than the full SU{k + 1). In other words, is a subset 

of the invariant tensor FaiA 2 -A 2 s+i- The possible number of such tensors is k (> s); these 
tensors are called the Casimir invariants for the Lie group SU{k + 1). 

Mathematically, it is known that the differential (2s + l)-forms of SU{k + 1) 

are elements of 'H}^^^{SU{k + 1),R), he., the (2s + l)-th cohomology group of SU{k + 1) 
(s = 1, 2, • • •, /c) over the real numbers. The Casimir invariants FaiA 2 ---A 2 s+i one-to-one 

correspondence with cohomology classes for the Lie group SU{k + l). This correspondence is 
related to the so-called Weil homomorphism between Casimir invariants and Chern classes. 
For descriptions of these mathematical aspects of one may refer to [28]. 

From the above argument, we can interpret the potentials F 2 s+i{X) in (36) as matrix¬ 
valued differential forms, or as fuzzification of the differential forms in (65); the 

fuzzification may be carried out by replacing Ea with arbitrary matrices Xa- In the following, 
we justify this statement by showing cohomology properties of F 2 s+i{X) evaluated on fuzzy 
CP^. In other words, we shall see that ^25+1 (X), evaluated on fuzzy CP^, can be considered 
as matrix-valued forms that are closed but not exact. 

As we have shown in (43), (46) and (53), variations of F 2 s+i{X) {s = 1, 2, 3) with respect 
to Xi are linear in Qi when X’s are evaluated on on the fuzzy CP^ ansatze Xi = r{t)Qi. 
Since Qi are traceless matrices, this corresponds to the fact that F^ 2 s+i){'rQ) are matrix¬ 
valued closed differential forms. 

On the other hand, as shown in (55)-(57), F 2 s+i{rQ) (s = 1,2,3) are nonzero constants. 
This arises from the fact that F(^ 2 s+i){'f'Q) are matrix-valued non-exact differential forms. 
Notice that the non-exactness of an ordinary differential form, say can be shown by 
Jg 3 7 ^ 0, where the integration is taken over SU{2) = S^. (If is exact, he., = da, 
Stokes’ theorem says Jgs klX = a where dS^ is the boundary of Since S'^ is a compact 
manifold, a = 0. Thus klX not be exact. One can similarly show the non-exactness 
of nx+i) in general, using the fact that the volume element of SU{k-\-l) can be constructed 
in terms of the wedge products of F’ 3 (Q) is a fuzzy analogue of Thus 

the value of F^IQ) in (55) corresponds to the nonzero volume element of a fuzzy version 
of S^. Locally, we may parametrize as ~ CP^ x S^. Thus Fy,{rQ) can also be seen 
as the volume element of a fuzzy version of CP^ x S^. Analogously, we can make a local 
argument to show that F 2 k+i{j-Q) {k = 2,3) correspond to the volume elements of fuzzy 
versions of ~ CP^ x S^. (Note that since CP^ _ locally express 

g2k+l 

as Cpfc 

X in general.) We can therefore interpret F2 s+i{^ Q) as matrix versions or 
fuzzifications of (2s -|- l)-forms given that the invariant tensors FaiA 2 ---A 2 s+i (66) 

are restricted to the form of defined in (37). 

5.2 Freund-Rubin type compactification 

The fact that we can interpret Fcj-^{rQ) as a 7-form in M(atrix) theory is interesting in 
search for a compactification model of M(atrix) theory. As mentioned in the introduction. 
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according to Freund and Rubin [26], existence of a differential d'-form in d-dimensional 
theories suggests compactification of (d — d') or d' space-like dimensions (d' < d). Usually 
the Freund-Rubin type compactihcation is considered in 11-dimensional supergravity which 
contains a 4-form. Although this compactihcation has a problem in regard to the existence 
of chiral fermions, the Freund-Rubin compactihcation of M-theory has been shown to avoid 
such a problem and presumably provides a realistic model of M-theory in lower dimensions 
[29]. The presence of the above-mentioned 7-form then supports a possibility of the Freund- 
Rubin type compactihcation in M(atrix) theory. It is not clear at this point how the ehective 
Lagrangian (59) relates to compactihed 7-dimensional supergravity in the low energy limit. 
However, as discussed before, the Lagrangian (59) with k = 3 does capture a desirable 
physical property for the compactihcation of M(atrix) theory down to 7 dimensions. 

In terms of the 11-dimensional M-theory, the potential Fj{rQ) corresponds to a hux on 
a curved space of (CP^ x R^) x A 44 geometry where A 44 is some four-dimensional manifold. 
The Freund-Rubin type compactihcation requires that the manifold Ad 4 be a positively 
curved Einstein manifold. This suggests that we in fact have to describe A 44 by some fuzzy 
spaces, say, fuzzy CP^ or fuzzy in the context of M(atrix) theory. So far we have neglected 
the contributions from A 44 in the fuzzy CP^ brane solutions ( 6 ) where we squash irrelevant 
directions. We can however include M 4 contributions to the M(atrix) theory potential (60) 
such that they do not ahect the existence condition for the L7-branes, namely, the hniteness 
of Vtot{r) in the large n limit. Notice that there is freedom to add an n-independent constant 
to Vtotij'). Such a case is possible, for example, if we identify M .4 with a relatively small-size 
fuzzy 

It is known that fuzzy can be represented by block-diagonal matrices, with their full 
matrix dimensions given by At(3) [ 27 ]. Thus it is natural to parametrize Ai 4 by fuzzy 
for n-independent modihcations of the Lagrangian (59) with k = 3. Notice that one of the 
four dimensions in M 4 represents the time component in M(atrix) theory. Thus a naive 
application of fuzzy to the geometry of A 44 is not suitable for the framework of M(atrix) 
theory. However, as in the case of the IKKT model [5], one can consider the time component 
in terms of a matrix. As far as a matrix model building of M-theory in the large N limit 
is concerned, we may then parametrize A 44 in terms of fuzzy S^. Along the line of these 
considerations, we can therefore interpret the Lagrangian (59) with /c = 3 as an effective 
Lagrangian for a compactihcation model of M(atrix) theory down to 7 dimensions. 

5.S Construction of fuzzy a brief review 

Compactihcation of M(atrix) theory down to 4 dimensions is also possible for the Freund- 
Rubin compactihcation in the presence of the 7-form. In what follows, we shall discuss this 
possibility by use of fuzzy S‘^. For this purpose, we hrst give a brief review of the construction 
of fuzzy S‘^. It is known that functions on fuzzy can be constructed from functions on 
fuzzy CP^ by imposing the following constraint [27]: 

[*^(Q*),Qa] =0 (67) 

where F{Qi) are arbitrary polynomial functions of the fuzzy CP^ coordinates Qi {i = 
1,2, •••,6 or, in a conventional choice of SU{4) generators, i = 9,10, • • •, 14). The in- 
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dex a corresponds to the algebra of H = SU{2) x U{1) in terms of the decomposition of 
SU{A) —)■ SU{2) X SU{2) X 17(1). In this decomposition, two S'17(2)’s and one 17(1) are 
dehned by 


/ ^17(2) 0\/0 0 \/10\ 

0 0 j 0 SU{2) J’ [o -1 J 


( 68 ) 


in terms of the (4 x 4)-matrix generators of S'17(4) in the fundamental representation. In 
the above expressions, SU{2) denotes the algebra of the SU{2) group in the (2 x 2)-matrix 
representation and 1 represents the (2 x 2) identity matrix. With an imposition of (67), the 
functions on fuzzy CP^, are reduced to functions on fuzzy S*. 


As analyzed in [27], upon the imposition of (67) the fuzzy CP^ coordinates Qi become 
fuzzy coordinates, say, (p = 1,2, 3,4). These are no longer represented by full x 
matrices but by x block-diagonal matrices. The block-diagonal matrix is 
composed of (n -|- 2 — m) blocks of dimension m for m = l,2, •••,n-|-l and can be expressed 
as 


Yf, = block-diag(l, 1, • • •, 1, ^ 2 , ^ 2 , 


□ 2 , 


7 ^n+lj 


n+l 


(69) 


where denotes a full {m x m) block matrix. Notice that the matrix dimension of Y^ 
remains as 

n+l 1 

(n -I- 2 — m)m = -{n -|- l)(n -|- 2){n -|- 3) = , (70) 

6 

while the number of nonzero matrix elements becomes 


n+l 

(n -|- 2 — m)w? 

m=l 


1 

T 2 


(n -I- l)(n -I- 2)^(n -|- 3) = . 


(71) 


We can in fact show that the number corresponds to the number of coefficients in a 
mode expansion of truncated functions on (For details of the correspondence between 
fuzzy + and truncated functions on +, see [27].) From the expression (69), we can easily 
tell that y)j commute with x block matrices where = n -|- 1 is the number of 
I’s in (69). Furthermore, Qa is in an iV7) x iV7) matrix representation of SU{2) in terms of 
the decomposition of S'17(4) discussed in (68). Thus, from the expression (69), we can check 
that indeed satishes the constraint (67). 

The configuration (69) may be the most natural one in comparison with fuzzy CP^ but it 
is not the only one that describes fuzzy For example, we can locate the same-size blocks 
in a single block, following some operation, say, matrix multiplication or matrix addition, 
instead of diagonally locating each block one by one. The dimension of the alternative matrix 
conhguration is then given by 


n+l Y 

m = -(n -I- l)(n -I- 2) = . 


m=l 


(72) 


This means that fuzzy + can also be described by x block-diagonal matrices, say. 
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5-4 Emergence of fuzzy 


We now consider an imposition of the constraint (67) on the effective Lagrangian (59) 
with k = 3. Since the potentials F 2 s+i{rQ) are proportional to the identity matrix, they are 
not affected by the constraint (67) and the local coordinates of fuzzy CP^ Qi are simply 
replaced by the fuzzy coordinates after the imposition of (67). Corresponding matrix 
equations of motion become linear in Thus, as in the case of the L7-brane solutions, we 
can similarly consider emergence of L5-branes with fuzzy geometry as brane solutions to 
modihed M(atrix) theories. As before, the emergence of such L5-branes can be argued by 
requiring that the potential energy of the branes at minima of the total potential energy 
becomes hnite. 

In terms of the local coordinates of fuzzy CP^ Qi, the M(atrix) theory potential is 
calculated as TTE^[Qi,Qj]^ = The sum of the extra potentials for the emergence 

4 

of L7-branes has been given by where r* represent a minimum of v{r) in (61). In 

terms of the local coordinates of fuzzy Y^, a matrix Lagrangian for the emergence of the 
spherical L5-branes is then expressed as 


— Tr 


2R 


+ 


Rr^ 


K,Y,]^ + 


Rrt 


150 


(3) 


(73) 


where we include the kinetic term which is zero for static solutions. The value of r* is 
determined by the controlling parameters for the emergence of the spherical L5-branes. For 
example, consider the potential v{r) of the form v^i^r) = ^ — where /xs, /is are 

given by (62) with k = 3. In this case, the controlling parameter is given by /is as discussed 


before. From 


dvr, 

dr 


= 0 and V 5 {rQ = 0, we can easily hnd r* = S/is. Notice that r* is 


independent of n since /is is an n-independent parameter. 


In order to obtain compactihcation of M(atrix) theory down to 4 dimensions, we simply 
eliminate the longitudinal direction in the spherical L5-branes. The relevant brane solution 
would be a transverse 4-brane of fuzzy geometry. Apparently, this brane solution does 
not have a time component in the framework of M(atrix) theory but, as mentioned earlier, 
it is possible to express the time component by a matrix as far as a matrix model building 
of M-theory in the large N limit is concerned. Bearing this possibility in mind, we can 
conjecture an action for such a fuzzy solution as 


S4 = ^iviiyy.yy + , (74) 


There are basically two fundamental parameters, R and N = ~ n^. We consider that 

in the large N/R limit the matrix action (74) describes compactihcation of M-theory in 4 
dimensions. R is essentially the 11-dimensional Planck length Ip] remember that R is given 
by i? = gls = where g is the string coupling constant and Is is the string length scale. 

There are no restrictions on the size parameter r. This suggests conformal invariance of the 
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theory of interest. The parameter (3, on the other hand, will be determined by how we carry 
out flux compactihcations in terms of controlling parameters. Since the fuzzy S‘^ solutions 
are constructed from the L7-branes of CP^ x geometry on top of the algebraic constraint 
(67), these solutions are also non-supersymmetric. Lastly we would like to emphasize that 
the above action can be used as a physically interesting 4-dimensional matrix model of 
M-theory compactihcation. 

5.5 Purely spherical L5-branes as new solutions in M(atrix) theory 

As we have discussed in (72), fuzzy can also be represented by x block- 
diagonal matrices T)*. Its matrix dimension is the same as that of fuzzy CP^. Thus, as in 
the case of fuzzy CP^ solutions, there are no problems on inhnite energy and we can obtain 
an L5-brane of x geometry as a solution to the original M(atrix) theory without any 
extra potentials. 

The transverse directions of this L5-brane are purely spherical. Notice that it is differ¬ 
ent from the previously proposed spherical L5-brane [15]. The previous solution has been 
constructed under a condition [15]: 

where Xj’s {i = 1,2, •••,5) denote matrix coordinates of the brane solution, four out of 
hve coordinates representing the transverse directions. Owing to the Levi-Civita tensor, the 
above condition makes sense when indices i,j,---,m are distinctive one another. Strictly 
speaking, the transverse directions following the condition (76) do not describe S‘^ geometry 
but rather part of CP^ geometry. In the context of fuzzy CP^ solutions developed in the 
present paper, this can easily be seen by rewriting the above condition as 

(^ija^klf}dQip.yQlQjQi^Qi ~ oiQy ~ ('^'^) 

where we replace eijkim by CijaCkiyday^y and Xj’s by the fuzzy CP^ coordinates Qi. As we 
have seen in (44), CijaCkiyday^ corresponds to the rank-five invariant tensor of SU (4). Explicit 
proportionality in (77) can be read from (46). 

As discussed above, in order to obtain purely spherical geometry, we need to impose an 
algebraic constraint on Q^. The resultant solution then becomes an L5-brane of fuzzy 
geometry in the transverse directions. Fluctuations of this brane solution can naturally be 
described by Qi ^ Qi + Ai. As mentioned in the introduction, there has been a difficulty 
to include fluctuations in the previously proposed spherical L5-branes [15]. Our version of a 
purely spherical L5-brane avoids this difficulty and provides a new brane solution to M(atrix) 
theory. 


6 Conclusions 

In the present paper, some of the previously known brane solutions in M(atrix) theory 
are reviewed in a systematic manner by use of the fuzzy complex projective spaces CP^ 
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{k = 1, 2, • • •) as ansatze for the solutions. We show that this particular type of ansatze for 
/c < 4 indeed satisfies the M(atrix) theory equations of motion. For the cases of /c < 3, we 
have checked that the brane solutions break all supersymmetries of M(atrix) theory. An L7- 
brane solution corresponding to /c = 3 has an inhnite potential energy in the large N limit. 
We can however make it hnite and can show the existence of static L7-brane solutions with 
an introduction of extra potentials. Such potentials, which are closely related to differential 
(2r + l)-forms of SU{k + 1) (r = 1 , 2, • • •, k), can be simplihed to the identity matrices up 
to some constants. We show that even with these potentials the fuzzy CP^ {k < 3) remain 
solutions to modihed M(atrix) theories, possessing finite potential energy in the large N limit. 
In the case of k = 3, this means that fluctuations from the L7-brane solution are suppressed 
in the large N limit and that we have a peculiar compactihcation scenario of M(atrix) theory 
down to 7 dimensions. This model can be analyzed by the effective Lagrangian given in (59) 
with k = 3. 

In the context of Freund-Rubin type compactihcation of M-theory, the very existence of 
the 7-form implies compactihcation of the theory down to 7 or 4 spacetime dimensions. This 
suggests that our analysis can be used to give a physically interesting compactihcation to 4 
dimensions. As an example of such possibility, we have conjectured a compactihed model of 
M(atrix) theory in 4 dimensions, utilizing the dehnition of fuzzy in terms of fuzzy CP^. 
The resultant action (74) is expressed in terms of the coordinates of fuzzy S* (69). Along 
the way, we also hnd the existence of new L5-branes in M(atrix) theory which have purely 
spherical geometry in the transverse directions. 
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